dimensional (plain strain) problem of the Griffith crack in a general anisotropic material by Atkinson and Clements (1977) . Atkinson and Clements (1977) give a solution for the twodimensional Griffith crack obstructing a uniform heat flux in a general anisotropic medium. They show that modes I, II, and III stress intensity factors are obtained unless the material has certain symmetries, which suggests that a mixed mode of fracture may occur. It also indicates that the crack must close for at least one direction of the heat flow. Closure is also obtained in thermoelastic interface crack problems (MartinMoran et al., 1983, Barber and Conminou, 1983) where the resulting change in the thermal boundary conditions at the crack faces leads to nonuniqueness of solution in certain cases.
Atkinson and Clements did not consider these questions. Their solution assumes that the crack is always open and hence can only apply for a restricted range of conditions. Furthermore, they did not give explicit expressions for the crack opening displacement from which the physical feasibility of their solution could be checked.
These authors considered the cases of specified temperature on the crack faces and also that of a specified heat flux across the crack. However, the boundary condition taken for this latter problem was dT/dX 2 = -S(^i) across the crack faces and this can only be truly representative of the heat flux for certain symmetries of the thermal conductivity tensor, i.e., K n = 0 for a crack lying on the X x plane. Furthermore, there are difficulties in adapting the solution method to the more general boundary condition, which will be addressed in a subsequent paper.
In this paper the problem is reconsidered using a Green's function formulation which will allow us to express the solution in terms of physical variables so that it is easier to determine at intermediate stages whether the solution is physically reasonable. The method is then extended to consider the case where the crack is partially closed. 
T
K t j is the thermal conductivity tensor and G, is a function of the thermoelastic constants for the material, defined by equation (42) of Sturla and Barber (1988) .
The thermal boundary conditions (5), (7), can be satisfied by distributing Green's functions of the above form with weight Q(£) in the interval -a<x x <a.
From equations (5) and (9) we then have
where K= K 22 {r -f) / A-wi is a real constant. This distribution will generally produce a discontinuity in temperature in the region x 2 = Q, x x > -a, but temperature continuity outside the crack (i.e., x l >a) can be imposed by enforcing the auxiliary condition 
Statement of the Problem
Let x x x 2 x 3 , denote Cartesian coordinates and suppose that a homogeneous generally anistropic material occupies the entire space except for the region x 2 =0, Ixj I <a, -oo <x 3 < oo, where there is a crack. The crack obstructs the heat flow as shown in Fig. 1 . The crack is initially assumed to remain open and hence be free of tractions, and to prevent the transfer of heat between its faces. We, therefore, have the boundary conditions
The boundary conditions, and hence the displacement, stress, and temperature fields, are independent of the coordinate x } , but we emphasize that the solution is threedimensional in the sense that the stress components a a and displacement component H 3 are nonzero because of the general anisotropy of the material.
It is convenient to represent the solution as the sum of a uniform heat flux in an unflawed solid (which involves no thermal stress) and a corrective solution, for which the boundary conditions are
(8) ^JXi+X 2 -oo
Mathematical Formulation
The problem will be formulated in terms of the thermoelastic Green's function derived in a previous paper (Sturla and Barber, 1988) , corresponding to a temperature discontinuity of magnitude T 0 on the half-line x 2 = 0, x x > 0. The appropriate heat flux and tractions on the surface x 2 = 0 are
(10)
J -a
Equations (12) and (13) have the well known solution
and the stresses on the plane x 2 -0 can now be found from equation (10) in the form a, 2 = G / J°oQ(?)loglx 1 -?l^
after substituting for Q( £) from equation (14) and performing the integration.
To satisfy the traction-free boundary condition (6), we must superpose a solution of the corresponding isothermal problem with tractions equal and opposite to those of equation (16) This solution is conveniently represented by a distribution of dislocations of strength 5, (£) in the same range. The solution for a single dislocation of strength B t was obtained by Stroh (1958) , the corresponding stresses and displacement on x 2 = 0 being
a in the notation of Stroh (1958) . In particular,
A ia and M aJ are functions of the material constants, defined by equations (7) and (38) of Stroh (1958) , and the summation on a is over the three roots with positive imaginary part of the equation
Combining (16) and (18) the boundary condition (6) is satisfied if
where r is the root with positive imaginary part of the equation
It is also necessary to impose the closure condition
to enforce continuity of displacements in the region x 2 = 0, and x x >a. Solving for d, (£) we have
and hence the stresses a i2 on the plane A" 2 =0, \x x I >a are given by
from equations (17), (18), and (23). We note that stress intensity factors in all three modes are obtained at x x = a + of magnitude:
Equal and opposite stress intensity factors are obtained at x x = -a. The displacement in the entire space is given by
where JS^ and F a are functions of the material constants, defined by equations (22) and (38) of Sturla and Barber (1987) , also z, =x x + TX 2 and z a =x x +p a x 2 , wherep a is defined by equation (20). The temperature distribution and hence the strains behave like \/z a as lz a l-oo, therefore the displacement vector u k ~ log I z a I when lz"l-<». The crack opening displacement is given by
using equation (36) of Sturla and Barber (1987) . From equation (32) it can be seen that Au 2 must be negative in either -fl<Ar,<0or0<x,<a, depending on the sign of byGj (except in the special case byGj = 0) and therefore the initial assumption of a fully open crack is invalid for either direction of the heat flow unless the crack has some initial separation between its faces or is opened by an applied tensile stress. If b 2 jG J = 0, Au 2 = 0 for all x x within the crack and hence there is no tendency for the crack to open or close. There is, however, a relative tangential displacement between the crack faces. This case is obtained if the material is symmetrical about the plane x x = 0.
For the latter case, the boundary condition (4) and this new problem can be treated by superposing the solution due to Stroh (1958) for the isothermal problem of a Griffith crack in a general anisotropic medium opened by a uniform tensile stress, a 0 .
In particular, we find that the crack opening displacement (equation (32)) is increased to A" 2 = ( g°y x x + 2b 22 a 0 )sfa^xj,
and the opening mode stress intensity factor becomes
The other stress intensity factors, K lx , K m , are unaffected by the applied tensile stress.
We can always choose the coordinate system such that q 0 b 2J Gj<0, corresponding to the case where the crack tends to close at the tip x x = a. In this case, equation (34) 
Solution With Partial Contact
If the inequality (36) is not satisfied, a negative crack opening displacement is predicted near x x = a and we anticipate contact between the crack faces, as shown in Fig. 2 . The contact is assumed to be frictionless and to afford no resistance to heat flow. There is, therefore, no temperature discontinuity between the faces, except in the open region -a<x x <c. The heat conduction problem is, therefore, identical to that for an insulating crack of extent -a<x x <c and can be formulated in terms of a distribution fi(£) of Green's function in this range. Enforcing the condition (5) over this range we obtain Q(€)rf{ (*i-f) with the auxiliary condition
whose solution is
The mechanical boundary conditions at the crack faces can be stated in the form 
We subtract the unperturbed uniform tension solution, a(x x ,x 2 ,x 3 ) = a 0 , thereby modifying the boundary conditions (41), (43) to
374/Vol. 55, JUNE 1988 Transactions of the ASME As for the case of a fully opened crack, we solve this boundary value problem by constructing the appropriate stress and displacement fields in terms of a distribution of dislocations Bj(l-) in the range -a<x t <a. In view of the boundary condition (42), the distribution B 2 {£) must be nonzero only in the range -a<X\<c, but B u B 3 extend over the entire crack length since slip is permitted in the contact region c<x, <a.
The total traction on the crack faces due to the thermoelastic solution and the dislocation distributions can then be written
The integral in the first term in equation (46) can be evaluated to give r £+(«-c)/2 ( c-a\
and hence the boundary conditions (47), (48) 
to ensure that there is continuity of displacement on the plane x 2 = 0, x, >a and that the crack closes in c<x x <a. Since B; = bjjdj where by is a nonsingular matrix, we have
c<x,<«
^22
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To complete the solution, we must determine the length of the separation zone from the condition that the stress a 22 tend to zero at x l -c. Thus, from equation (61) 
using equations (56), (59), and (62). Thus the crack opening displacement will be positive for -a<x x <c if q 0 b 2j Gj<0, as assumed. We note that the derivative of At/ 2 is also zero at the transition from contact to separation {x x = c), as in conventional contact problems. From equations (63) and (64) it can be seen that all components a j2 (/= 1, 2, 3) of the stress tensor are singular at both ends of the crack (i.e., x x ±a). The stress intensity factors are given by: 
, [ b 22 
Notice that stress intensity factors in all three modes are obtained at both ends of the crack, including a nonzero K x at the closed tip, Xi=a. This results from coupling between the tangential displacements (slip) in the contact zone and the stress component a 22 , on x 2 =0.
